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Abstract 

The representation of scalar products of Bethe wave functions in 
terms of the Dual Fields, proven by A.G.Izergin and V.E.Korepin in 
1987, plays an important role in the theory of completely integrable 
models. The proof in [Q and is based on the explicit expression for 
the "senior" coefficient which was guessed in and then proven to 
satisfy some recurrent relations, which determine it unambiguously. In 
this paper we present an alternative proof based on the direct compu- 
tation. 
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1 Introduction. 



The Algebraic Bethe Ansatz Q is the powerful method in the analysis of 
completely integrable quantum models. In the series of papers ^, 
various representations of correlators in these models were found using this 
method. The answer turned to be very interesting. Usually these correlators 
have some determinant representations (see proof of Gaudin hypothesys 
in IQ]), and in some "free fermionic point" these determinants are the r- 
functions |10, 11 1 of classical nonlinear integrable equations [0, p^ . 
(This phenomenon was also discovered in |l^, |l3|.) 

One of the main problems in this approach is to calculate the expressions 
of the form: 

< 0|C(^i) • • • CMB{Xn) ■ ■ ■ B{Xi)\0 > (1) 

In this paper we, using the operation of comultiplication, write down 
a kind of the operator-valued generating function for expressions of such a 
type. In this way we get some expression for this scalar product, from which 
the V.E.Korepin's representation in terms of the dual fields follows by direct 
computation. Note, that the idea to use the operation of comultiplication in 
the calculation of correlators was used, for example, in Q in the definition 
of the two-site generalized model. 



2 Definitions. 



The ABCD algebra is the algebra generated by the elements of the 2x2- 
matrix T, which is the monodromy matrix of the auxiliary linear problem, 



r(A) 



^(A) B{\) 
C{\) DiX) 



with the relations 



RiX,fi) T (A)0 T (/i) =T {X)0 T iii)R{X,fi) 



(2) 



(3) 



where indices over the letters denote their order as operators ( from the left 
to the right ) , and 



R{X,fi) 



f{fi,X) 

1 gifi,X) 

gifJ-,X) 1 

f{fi,X) 



(4) 
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smn(A — /ij 

, sinh(2ir?) , , 

g A,^ = . 6 
smn(A — ^) 

We will often write indices instead of arguments, for the brevity. For 
example: 

/I /I D Z? DD 

(7) 



(8) 
(9) 
(10) 
(11) 





AxA^=A^Ax, BxB^ = 


B^Bx 






CxC/i = CaiCa) B>xD^ = 


D^Dx 






= fiJ.,xBxA^ + gx,tiBfj^Ax, 


{A ^ 


B) 


D,Mx ■■ 


= fx,tJ,BxD^ + g,_i^xB^Dx, 


{D ^ 


B) 


CxA^ 


= fn,\A^Cx + gx,iiAxCfj^, 


{C ^ 


■A) 


C'xD^ 


= fx,iiDf^Cx + gfi,xDxCi_i, 


{C ^ 


D) 



(12) 



CxcBxb = gxc,XB{AxcB>XB - AxgDxc} = 
= ^AcAsI-Das^Ac - DxcAxg} 

This algebra can be considered as the Hopf algebra, if we provide it with 
the coproduct 

A : r(A) ^ r(A) T(A) (13) 
which is the homomorphism from the yli^CD-algebra to its tensor square: 

1 2 

(r(A) ® r(A)) (r(^) ® r(/i)) i?(A,^) = 

= (r(A) rf^)) (r(A) T{fi))R{x,fi) = 

= R{x, /u)(r(A) r(V)) (r(A) r(V)) = 
2 1 
= i?(A,^) (r(A) r(A)) (r(;u) ® r(/i)) 

This comultiplication has the remarkable property that the subalgebra 
generated by A and C is the coideal [^J: 

A{A) =A0A + B0C (14) 
A{C) = C^A + D^C (15) 

This means that when we take the coproduct of the element of this sub- 
algebra, the second tensor multiplier will always belong to this subalgebra. 
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i.e. be some product of ^'s and C's. It will be convenient for us to denote 

^+i\) = A{X) (16) 
r{X) = C{X) (17) 

The commutation relations in the ■^^-algebra are: 
and the same with + and — exchanged. 

3 Scalar products of the wave functions. 

Consider the expression: 

S{{f^}, {A}) =< 0|C(mi) • • • C{i^n)B{Xn) ■ ■ ■ S(Ai)|0 > (19) 
Also consider the expression: 

Vm, {A}) =< 0|5(V- (w) • • • ^p-{^iN)i^+iXN) ■ ■ ■ V'+(Ai))|0 > (20) 

where |0 > is the usual ^i?CD-vacuum, all '0's act freely both on the left and 
on the right (so V can be considered as an element of the algebra generated 
by ^-operators.) Note that expressions 

(21) 

are linear independent for different sets (e) and (e), and constitute the ba- 
sis in the space of 2A^-linear combinatins of ■i/'-operators with momenta 
{/Hi, . . . , //AT, Ai, . . . , Xn} (this is because we can rearrange momenta using 
the commutation relations to get expression with /i's going the first.) Note 
that S{^,X) is the coefficient of 

^t-'-^^N^x.-'-'t^'xr (22) 

in V{ii, A). So, the problem is to find this term. The simplest way to do it 
is first to rearrange i/^'s in F(/n, A) to get ^'''''es standing on the left of V'~'es 
— because 

< ■ ■ ■ V'+.V^.-, • • • )|0 >=_ _ .23) 

= a{Ki) ■ ■ ■ a{KN)d{uN) ■ ■ ■ d{ui)tp+^ ■ ■ ■ -0+,^^^^ • • • V',.! 
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So, if 



{k},{u} 



+ 



{k} {u} ; 



(24) 



and 



then 



< 0|C(mi) • • • C{i^n)B{\n) ■ ■ ■ 5(Ai)|0 >= 



(25) 



4 Calculation of K and X. 

Without any loss of the generaUty we can put: 

{k} = {An, . . . , Xl,Hn+l, ■ ■ ■ ,MAr} 
{l/} = {A„+i, . . . ,XN,fJ'n, ■ ■ ■ 

Ah other possibihties can be reduced to this by the permutation of /x 
and A. So, what we are to do is to take 

and move tp~^'es to the left of ip~''es using the commutation relations, and 
find the coefficient of the term 

Let us first move ■i/'+'es from V'^^ • • •V'a„ i ^^^^ should 

not get any of {\n, ■ ■ ■ , A„_|_i} on the left as the indices of ^+'es, so all of 
these A's should be exchanged with some /i's and, moreover, with some /i's 
from {nn+i, . . . , Mn}) because we also don't need any of {ni, . . . , on the 
left. 
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Let us, for example, do this procedure with V'An+i' Moving its plus to 
the left, we get a plenty of terms, of which we are interested in the following 
ones: 

E£i" Cki^X.+k • • V'Mn+r • • V'M„+fe • • • V'mjv (29) 

where Ck is some coefficient. To find it, before the calculation rearrange 
'es in order to shift 'ip'^^^^ to the most right among them. Then the only 
possibility to get the required term is to exchange momenta when V^a^+i 
passes through V'^^+j. (we will get the factor 5'^„_^j,,a„+i) and then to pass 
created in such a manner "0^^^^. to the very left without exchange, getting 
the product of factors ffj,^^^,^^^^ over p^k and 1^^+^,,^^ over p<n. Thus, 

Repeating this procedure with V'a„+2 ^® 

(iV — n)+n: <r(i)+n>MCTO) + n crO)+n,A< +n 

<Te<Sjv-„ i<i i<i 

V,<1 

It is easy now to move -0^^ • • • ip'^^ from the very right to the left. Ulti- 
mately we obtain for K : 

K ~^ M ) = n M") n /(A^ a-) n /(A^ x 

X Eae5({/i}n{«:}) 9{K(i) > Ai ) • • • 5'(^J;(Ar„„) , AXr_„) X ''"^ 
X ni<,- A^aO)) Yli<j /(m^O)' Ar) 

Here we denoted, e.g., A** the intersection of the sets A and k. To get 
we need to move all /i's in the expression 

V'+a---V^+ajV'"k---V^"/< 

to the left and find the coefficient of the term in which all pluses are on the 
left. Just in the same way as before, we get 

x^?^:(i).^r--5Aj(„),M^ 

(32) 
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Consequently, 



< 0\C{fii) ■ ■ ■ C{fiN)B{XN) ■ ■ ■ B{\i)\0 >= 

E.u.=Au^ n. «(Ar) n. ^(^n d{x^) u^ d{K) x (33) 



where n = card(/i n z^) = card(A H k) and 



X ni<i /A'<T(i)./^<T{j) ni<j ffi^Q-),x 



.X 



(34) 



Actually 

^fc(A, ^) = Eae5fc S-Mi.A^fi) • • • 9tik,K(k) 

and so it is evident that <I>fc(A,^) is symmetric in A. 
Tending to Ai, we get 

[cI>,(A,^)]a,^^, = ^g^n.yi [/(/.I, A,)/(^,,Ai)] X 
xcI>,_i({A}\{Ai},M\{/.i}) 

and this agrees with the formula [6.16] of the paper 

5 Determinant representation and Dual Fields. 

Introduce Xk = e^^^ , yu = e^^'^ , z = e^*''. Then 



_ , ^ 1 



(35) 



(36) 



n.<,[(^x.W - x.o-))(y, - yO]x 



T-r z^<T(j) Vi T-r 1 



(_^) "'T ^' A(x)Ato) Z^fTg5„l llj<j llfc x<,(fe)-j/fc 



X Ui<j[{xa{j) - yi){zx^^ i) -yj) + (zx^(j) - yi)(yj - j;^(j))] = 
n. + ^n({x}, {,})) 

(37) 
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where 



n{n — 1) 



Rn{{x},{y}) — Y.m=l J2{n<ji,...,i^<jm}J2aesJ 

^ rrm (2^o-(ir)~fir)(%r ~^CT(jr)) TT 1 



(38) 



yk)(zx„(k)-yk) 



We intend to show that ii„ = 0. It is easy to check that R2 is zero. 
Let us proceed by induction. Suppose Rn-i = 0. As a function of Rn 
has the first order pole at yn ^ x^, corresponding permutations having the 



property a"(n) = k. Due to the presence of 



in the numerator, 



only the terms in X]{(j,.<jr)} ^ith jV 7^ ?^ for any r really have this pole. So, 



the residue in this pole is equal to 



-Rn-i{{x]\{xk},{y]\{yn}) and 



thus, is zero. Note that by construction, Rn is anti-symmetric not only with 
respect to x, but also with respect to y. Thus we can change 



E 



E 



{il<jl,...,im<jm.} {n>jl,.--iim>im} 

After this change one can prove, just in the same way, that the residue 
in the pole at ?/„ zxk is also equal to zero. Thus, as a function of yn, 
has no poles and decrease at infinity. So it is zero. 

Therefore, we have: 



"("-!) A{x)A{y) 



1 

X det- 



V^y,q^ZXy - yq) 



1 



{zxi-yj)(xi-yj) 



(39) 



rip.g ^(/^p, \) ni<jb(/^j, ^^^(Ai, Aj)] detij 



where we introduce h{fj.,X) = f{fj.,X)/g{^,X). 

Note that for 2: = 1 we get in this way the well-known identity [Q6|: 



det 



1 



{xi - yjf 



per 



1 



{xi - yj) 



det 



{xi - yj) 



(40) 



Finally we get for Z: 



Z = E.u.=MUA«(A'^)a(A^'^)^i(A'^)d(/.-)x 

x/(^^ /u'^)/(A^ v)Kn\ xnh{x^,f^n x 

g{X^,Xt)g{i,lf,-)]x 



xn.<,[5(/"^/^f)5(Ar,Ap]n.<, 



X det. 



det. 



(41) 
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n.<, 



X 



sign 
factor 



v) det 



det 



(42) 



The sign factor in this expression is the sign of permutation of A's from 
their natural order to the order (A'', A'^), multipHed by the sign of permuta- 
tion of /i's to {fi'^, fj,'^). Here, for example, a(A'^) means Ylia{Xf). One can 
easily prove P] that this expression is equal to 



l[[g{fij,fi^)g{Xi,Xj)] < 0|det5|0 > 

i<j 



(43) 



where 



and 



,2 

^ are the commuting dual fields: 



(/)«(A) =g'^(A)+7r^(A) 
<^\X) = q-(X)^i,-{X) 
\i,-{X),q-{lx)\=\nh{iX,X) 
[7r-(A),(?-(/i)]=lnMA,M) 



(45) 



and < 0|, |0 > are the dual vacuums: 



7r«(A)|0 >= 0, 



7r'^(A)|0 >= 



< 0|g'^(A) = Ina(A) < 0|, < 0|g''(A) = ln(i(A) < 0| 



< 0|0 >= 1 (46) 



6 Acknowledgements. 

I want to thank A.Mironov, A.Morozov, A.Zabrodin and especially N.Slavnov 
for discussions and explanations. I am very indepted to A.G.Izergin for valu- 
able remarks. 



References 

[1] L.D.Faddeev, L.A.Takhtajan, Usp. Mat. Nauk 34, 13-63 (1979) 

[2] V.E.Korepin, A.G.Izergin, N.M.Bogoliubov, "Quantum Inverse Scat- 
tering Method, Correlation Functions and Algebraic Bethe Ansatz", 
Cambridge University Press (1992) 



8 



[3] N.Yu.Reshetikhin, L.A.Takhtajan, L.D.Faddeev, Algebra and Analysis 
1, 178-206 (1989) 

[4] V.E.Korepin, Commun. Math. Phys 86, 391-418 (1982) 

[5] V.E.Korepin, Commun. Math. Phys 94, 93-113 (1984) 

[6] A.G.Izergin, V.E.Korepin, Commun. Math. Phys 94, 67-92 (1984) 

[7] A.G.Izergin, Doklady ANSSSR 297, No.2, str.331 (1987) 

[8] V.E.Korepin, Commun. Math. Phys 113, 177-190 (1978) 

[9] E.Date, M.Jimbo, M.Kashiwara, T.Miwa, Transformation groups for 
soliton equations, in: Proc. RIMS symp. Nonlinear integrable systems 
— classical theory and quantum theory. 

[10] G.Segal and G.Wilson, Publ.I.H.E.S., 61, 1 (1985) 

[11] A.Yu.Morozov, Integrability and Matrix Models, Preprint ITEP-M2/93. 

[12] M.Sato, M.Jimbo, T.Miwa and Y.Mori, Physica ID, 80-158 (1980) 

[13] M.Jimbo, T.Miwa, K.Ueno, Physica 2D 306-352, 407-448 (1981) 

[14] A.R.Its, A.G.Izergin, V.E.Korepin, N.A.Slavnov, Differential Equations 
for Quantum Correlation Functions, preprint CMA-R26-89 (1989) 

[15] A.R.Its, A.G.Izergin, V.E.Korepin, N.A.Slavnov, Quantum correlation 
function is the t -function of classical differential equation, preprint 
ITP-SB-91-58 (1991) 

[16] C.W.Borchardt, Bestimmung der symmetrischen Verhindungen vermit- 
telst ihrer erzeugenden Funktion, Monatsb. Akad. Wiss. Berlin, 165-171 
(1855) 



9 



